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A method of maximization the total utility for n goods 
Let a consumer which has a budget of acquisition of r goods, r≥2, in value of S∈N 
u.m. The prices of the r goods xi, i= r,1  are pi∈N, i= r,1 . The marginal utilities 
corresponding to an arbitrary number of doses are in the following table: 
No. of dose Um1 … Umr 
1 u11 … u1r 
... ... … ... 
i ui1 … uir 
... ... … ... 




We want in what follows to determine the number of doses ai for the good xi, i= r,1  








u  to be maximal. 





ii pa =S1. 
Let denote with d=(p1,…,pr) the greatest common divisor of pi, r,1 . We well know 
the fact that in order the equation has entire solutions we have necessarily dS1. 
Also, we shall consider: 
 S1>S-min{p1,…,pr} because if S1≤S-min{p1,…,pr} with a supplementary unit of o 
good i, where 1≤i≤r, the total utility will grow. 






















where the greatest common divisor of qi, r,1  is (q1,…,qr)=1. 
It is well known that for any relative prime numbers A,B∈N it exists α and β∈Z  
(determined eventually with the Euclid algorithm) such that: αA+βB=1. 
Let therefore d1=q1 and di=(di-1,qi), i= r,2 . Because (q1,...,qr)=1 it follows obviously 
that dr=1. 
We have now ∃αi,βi∈N, i= r,2 , such that: 
(4) αidi-1+βiqi=di, i= r,2  
In what follows we shall denote: d0=0, α0=1, β0=1, α1=1, β1=1 such that: 
α1d0+β1q1=d1. 
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            ... 
αrdr-1+βrqr=dr 
Substituting the first of (5) in the second: 
(6) α2α1d0+α2β1q1+β2q2=d2 
after, the second in the third: 
(7) α3α2α1d0+α3α2β1q1+α3β2q2+β3q3=d3 







iij q +βrqr=dr. 












j , i= 1r,1 −  and σr=βr. 










































Let now δk= ( )rk1 q,...,qˆ,...,q  where the sign ∧ means that the term is missing. 
Because (δk,qk)=1 follows: 
(13) δk k1k d
S




a σ− =ζkδk, k= r,1  





iii q =0 
We can write (14) also like: 
(16) ka = k1d
S
σ +ζkδk, k= r,1  
Because ak≥0, k= r,1 , we obtain that: 
(17) S1σk+ζkδkd≥0, k= r,1  













, k= r,1  







































, k= r,1  
We have therefore: 






































k1 ∩N, k= r,1  

















+1 integer values of ζk (where [z] denotes the integer part of z) that 
verifies the acceptability conditions. 
 
Example 
No. of dose Umx Umy Umz 
1 10 20 15 
2 8 16 12 
3 7 15 10 
4 6 14 7 
5 5 13 5 
6 4 10 3 
7 3 8 2 
8 2 7 1 
px=4, py=6, pz=10, S=50. 
 
Solution 
We have d=(4,6,10)=2 therefore S1>50-min(4,6,10)=46. Because dS1 we shall 
have S1∈{48,50}. 
Dividing by 2 the reduced prices become: q1=2, q2=3, q3=5. 
Let now: d1=2, d2=(d1,q2)=(2,3)=1, d3=(d2,q3)=(1,5)=1. 
We have: α1=1, β1=1 and from (4) the equation: 2α2+3β2=1 implies: α2=-1 and 














j =β2α3=-4, σ3=β3=1 
and: δ1=(q2,q3)=(3,5)=1, δ2=(q1,q3)=(2,5)=1, δ3=(q1,q2)=(2,3)=1. 

















































































































For S1=48 and certainly: a1=96+ζ1, a2=-96+ζ2, a3=24+ζ3 we have: 
ζ1=-96, ζ2=99, ζ3=-21 ⇒ a1=0, a2=3, a3=3, Ut=20+16+15+15+12+10=88 
ζ1=-96, ζ2=104, ζ3=-24 ⇒ a1=0, a2=8, a3=0, Ut=20+16+15+14+13+10+8+7=103 
ζ1=-95, ζ2=100, ζ3=-22 ⇒ a1=1, a2=4, a3=2, Ut=10+20+16+15+14+15+12=102 
ζ1=-94, ζ2=96, ζ3=-20 ⇒ a1=2, a2=0, a3=4, Ut=10+8+15+12+10+7=62 
ζ1=-94, ζ2=101, ζ3=-23 ⇒ a1=2, a2=5, a3=1, Ut=10+8+20+16+15+14+13+15=111 
ζ1=-93, ζ2=97, ζ3=-21 ⇒ a1=3, a2=1, a3=3, Ut=10+8+7+20+15+12+10=82 
ζ1=-93, ζ2=102, ζ3=-24 ⇒ a1=3, a2=6, a3=0, 
Ut=10+8+7+20+16+15+14+13+10=113 
ζ1=-92, ζ2=98, ζ3=-22 ⇒ a1=4, a2=2, a3=2, Ut=10+8+7+6+20+16+15+12=94 
ζ1=-91, ζ2=99, ζ3=-23 ⇒ a1=5, a2=3, a3=1, Ut=10+8+7+6+5+20+16+15+15=102 
ζ1=-90, ζ2=100, ζ3=-24 ⇒ a1=6, a2=4, a3=0, 
Ut=10+8+7+6+5+4+20+16+15+14=105 
ζ1=-89, ζ2=96, ζ3=-22 ⇒ a1=7, a2=0, a3=2, Ut=10+8+7+6+5+4+3+15+12=70 
ζ1=-88, ζ2=97, ζ3=-23 ⇒ a1=8, a2=1, a3=1, Ut=10+8+7+6+5+4+3+2+20+15=80 
For S1=50 and: a1=100+ζ1, a2=-100+ζ2, a3=25+ζ3 we have: 
ζ1=-100, ζ2=100, ζ3=-20 ⇒ a1=0, a2=0, a3=5, Ut=15+12+10+7+5=49 
ζ1=-100, ζ2=105, ζ3=-23 ⇒ a1=0, a2=5, a3=2, Ut=20+16+15+14+13+15+12=105 
ζ1=-99, ζ2=101, ζ3=-21 ⇒ a1=1, a2=1, a3=4, Ut=10+20+15+12+10+7=74 
ζ1=-99, ζ2=106, ζ3=-24 ⇒ a1=1, a2=6, a3=1, Ut=10+20+16+15+14+13+10+15=113 
ζ1=-98, ζ2=102, ζ3=-22 ⇒ a1=2, a2=2, a3=3, Ut=10+8+20+16+15+12+10=91 
ζ1=-98, ζ2=107, ζ3=-25 ⇒ a1=2, a2=7, a3=0, Ut=10+20+16+15+14+13+10+8=106 
ζ1=-97, ζ2=103, ζ3=-23 ⇒ a1=3, a2=3, a3=2, Ut=10+8+7+20+16+15+15+12=103 




ζ1=-95, ζ2=100, ζ3=-22 ⇒ a1=5, a2=0, a3=3, Ut=10+8+7+6+5+15+12+10=73 
ζ1=-95, ζ2=105, ζ3=-25 ⇒ a1=5, a2=5, a3=0, 
Ut=10+8+7+6+5+20+16+15+14+13=114 
ζ1=-94, ζ2=101, ζ3=-23 ⇒ a1=6, a2=1, a3=2, Ut=10+8+7+6+5+4+20+15+12=87 
ζ1=-93, ζ2=102, ζ3=-24 ⇒ a1=7, a2=2, a3=1, Ut=10+8+7+6+5+4+3+20+16+15=94 
ζ1=-92, ζ2=103, ζ3=-25 ⇒ a1=8, a2=3, a3=0, 
Ut=10+8+7+6+5+4+3+2+20+16+15=96 
Finally, the maximal utility will be Ut=114 for 5 goods x and 5 goods y. 
 
 
